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Question 1. [13 marks]

Short answer questions. You do not need to justify your answers unless indicated.

Part (a) [1 mark]

The height a 2-3-4 tree depends on the number of keys in each node. Let h be the height of a 2-3-4 tree
with n keys, then low ≤ h ≤ high. What are low and high?

Part (b) [1 mark]

Is there a best-case scenario where INSERT(key k) for a 2-3-4 tree with n keys has complexity less than
the worst-case complexity? In either case, what is this complexity?

Part (c) [1 mark]

What is the worst-case time complexity of DECREASE-PRIORITY(key k, priority p) for a min heap of
size n?

Part (d) [1 mark]

Is there a best-case scenario where INSERT(key k) for a max heap of size n has complexity less than the
worst-case? In either case, what is this complexity?
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Part (e) [3 marks]

The distance between any two vertices in a graph is the length of the shortest path between them. The
diameter of a graph is the maximum distance between two vertices in the graph. Give an algorithm to
find the diameter of a graph. State the complexity of your algorithm.

Part (f) [3 marks]

Given a weighted graph with n vertices and m edges where all the edge weights are 10, give an efficient
algorithm to find the minimum spanning tree. You may refer to any algorithm discussed in class. What is
the complexity of your algorithm?

Part (g) [3 marks]

Does the order of operations matter when doing a sequence of deletions on a 2-3-4 tree? Justify your
answer. (HINT: try deleting keys from a 2-3-4 tree containing 6 keys.)
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Question 2. [12 marks]

Recall the ADT PLOT from assignment 1. An object of the ADT is a set of data points. Each point P is
a co-ordinate (Px, Py) in the plane. The operations of the ADT are:

DELETE(S, P ): Deletes the point P from the set S. If P was not in S then this operation does nothing.

ADD(S, P ): Adds the point P to the set S.

MIN VALUE(S, x1, x2): Returns the minimum value Py such that x1 ≤ Px ≤ x2 and P is a point in S. If
there is no point P such that x1 ≤ Px ≤ x2 then return 0.

In the following questions, you will be given a variation of the PLOT ADT and asked to give an implemen-
tation. You will be graded on the space and time complexity as well as the simplicity of your data structure.
You may alter data structures from assignments or examples from class or come up with an entirely new one.

Part (a) [6 marks]

In the assignment, we assumed that the x co-ordinate for each point is unique (i.e., no two points have
the same x value). Now consider when multiple points with the same x co-ordinate or y co-ordinate
are allowed. Describe a data structure to implement this ADT with the operation MIN VALUE(S, x1, x2)
replaced by a new operation, MAX VALUE(S, x) described below.

MAX VALUE(S, x): Returns the point P such that Px = x and Py is maximum.

Make sure you carefully describe each operation and its complexity (ADD(S, P), DELETE(S, P), and
MAX VALUE(S, x)). You do not need to give the details of methods discussed in class, however you should
state their complexity.
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Part (b) [6 marks]

Suppose we now add the additional operation GET MAX MODE(S) to the ADT of part (a) where GET MAX MODE(S)
is defined as follows:

GET MAX MODE(S): Return the y value such that the number of points in S with Py = y is maximum.

Describe a data structure to implement this ADT. Make sure you explain how the other operations
(ADD(S, P), DELETE(S, P), MAX VALUE(S, x)) are affected. You may alter your data structure from (a)
or give an entirely new one.
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. . . this page is for extra space.
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